The Fedosov deformation quantization on a cotangent bundle with a symplectic connection induced by some Riemannian connection on a base space is considered. Construction of the symplectic connection on the cotangent determined by the Riemannian connection is proposed. A detailed analysis of an Abelian connection and flat sections representing special classes of functions is presented. Some physical examples of a * -product determined by the induced symplectic connection are given.
Introduction
The Fedosov deformation quantization scheme [1, 2] can be applied on any symplectic manifold. The * -product of functions obtained in this formalism is determined by the symplectic connection on the symplectic manifold. Unlike the Riemannian geometry the symplectic manifold can be equipped with many symplectic connections. Assume that the symplectic manifold is a phase space of some physical system. The natural question arises which of symplectic connections on the phase space are preferable and which * -products are generated by them.
In the current paper we concentrate on symplectic manifolds which are cotangent bundles over some Riemannian manifolds. Symplectic manifolds of this type appear in physics as phase spaces of free systems or systems with constraints independent of time. Several years ago in [3] we sketched the construction of some natural symplectic connection on a cotangent bundle. This symplectic connection contains the Riemannian connection of the base manifold. As before, our considerations are done in a proper Darboux atlas which seems to be the set of physically preferable charts.
In this article we present the complete construction of this natural symplectic connection. Starting from a few assumptions we show that in proper Darboux coordinates the symplectic connection coefficients with two or three momenta indices vanish. Moreover, the symplectic connection components with one momentum index are determined by the Riemannian connection on the configuration space of the system. Hence we call this kind of symplectic connection the induced symplectic connection or the symplectic connection induced by the Riemannian connection. Finally, the symplectic connection coefficients with three spatial indices are homogeneous functions of momenta. The connection ∇ 0 introduced by Bodemann et al [4] and independently by J. F. Plebański et al [5] is a special case of the natural symplectic connection.
Then we analyse several properties of the Abelian connection generated by the natural symplectic connection. We point out that in this case the recurrence relation leads to a relatively simple form of the Abelian connection series. There are only three types of elements appearing in the Abelian correction r.
The recurrence is completely determined by the curvature components of the connection γ + r standing at the elements (y 1 ) i1 · · · (y n ) in dq j ∧ dp k .
The next paragraph contains several properties of series representing functions in the Fedosov deformation quantization. In the same section we consider the * -product generated by the induced symplectic connection of some special classes of functions. Among other things we compute the * -product of functions dependent only on spatial coordinates and conclude that it is the 'usual' pointwise product of them. We also consider the Moyal brackets of positions and momenta. The commutation rules for positions and momenta are like these ones following from the Dirac quantization scheme and they are consistent with the point transformation of coordinates.
If it is possible, we use the Einstein summation convention. In situations in which the nature of coordinates ( spatial or momenta ) is not important we denote them by lower case Latin letters. The small Greek letters: α, β, . . . denote spatial coordinates. The capital Latin letters I, J, . . . correspond to momenta coordinates.
Symplectic connection induced by some Riemannian connection
Let (W, ω) be a 2n-D symplectic manifold and A = {(U z , φ z )} z∈J be an atlas on W. By ω we mean the symplectic 2-form on W.
Definition 2.1. The symplectic connection γ on W is a torsionfree connection satisfying the conditions
where a semicolon ' ;' stands for the covariant derivative.
For any point p ∈ W there exist local coordinates (x 1 , . . . , x 2n ) on a neighbourhood of p such that
The chart (U z , φ z ) with coordinates (x 1 , . . . , x 2n ) is called the Darboux chart.
In the Darboux coordinates the system of equations (2.1) read
where γ ijk def.
= Γ l jk ω il . Coefficients γ ijk are symmetric with respect to the indices {i, j, k}.
Definition 2.2. The symplectic manifold (W, ω) endowed with the symplectic connection γ is called the Fedosov manifold and it is denoted by (W, ω, γ).
A symplectic connection exists on any symplectic manifold. Moreover, every symplectic manifold may be equipped with many symplectic connections. In a chart (U z , φ z ) the difference
between coefficients γ ijk and γ ijk of two symplectic connections γ and γ on (W, ω) is the tensor of the type (0, 3) completely symmetric in its indices. Hence, starting from the same symplectic manifold (W, ω) we may construct many Fedosov manifolds.
Locally the symplectic curvature tensor components are defined as
where ω kl ω lj = δ j k . The coefficients K ijkl satisfy the folowing conditions [6] 
5)
6)
Observe that the relation (2.7) follows from (2.5) and (2.6).
The Bianchi identity reads
where all covariant derivatives are calculated with respect to the symplectic connection.
Let the symplectic manifold (W, ω) be the cotangent bundle T * M over some configuration space M. We assume that M is an n-dimensional paracompact smooth differentiable manifold.
Moreover, let (U z , φ z ) be a local chart on the base space M. The local coordinates of a point p ∈ U z in the chart (U z , φ z ) are (q 1 , . . . , q n ), where n = dim M. Since there exists the bundle projection π : T * M → M we can introduce coordinates on π −1 (U z ) in a natural way. Indeed, let P = p i dq i be a cotangent vector at the point p. The coordinates (q 1 , . . . ,q 2n ) of the point (p, P) ∈ π −1 (U z ) are defined as:
are known as the coordinates induced by (U z , φ z ). In these coordinates the symplectic form determined by the basic 1-form θ = −p i dq i reads ω = dq i ∧ dp i (2.9) so the induced coordinates (q i , p i ) are also Darboux coordinates.
Definition 2.3. Let {(U z , φ z )} z∈J be an atlas on the symplectic manifold T * M such that in every chart the coordinates q i , 1 ≤ i ≤ n determine points on the base manifold M and q i+n = p i , 1 ≤ i ≤ n, denote momenta in natural coordinates. Every atlas of this form is called the proper Darboux atlas and every chart of this atlas is known as the proper Darboux chart. The transition functions define the point transformations
Our goal is to introduce some symplectic connection on the cotangent bundle T * M. The construction is made in a proper Darboux atlas and it is based on three natural conditions:
1. the symplectic connection 'contains' the Riemannian connection Γ α βδ of the base space M, 2. the symplectic connection reduces to the Riemannian connection at the base manifold M and 3. all of the symplectic connection coefficients not affected be the conditions 1 and 2 take as simple form as possible.
At the beginning we analyse the transformation rule for the symplectic connection under proper Darboux transformations. As it is known, the general transformation recipe for symplectic connection coefficients is of the form 
This definition establishes the relation between the Riemannian connection from the configuration space M and the symplectic connection on the phase space T * M. The coefficients γ Iαβ are determined by the Christoffel symbols on M and depend only on the spatial coordinates q 1 , . . . , q n .
Finally we consider the coefficients γ αβδ . From (2.11) we see that they depend on the terms γ Iαβ and γ αβδ . Moreover, the transformation rule with elements γ Iαβ lead to elements of the form P α f α (Q 1 , . . . , Q n ). The consequence of the transformation rule (2.11) is also presence of an expression P α g α (Q 1 , . . . , Q n ) following from the nontensorial part of this rule. Thus it is expected that in a given chart each symplectic connection coefficient γ αβδ should be of the form
The last step in our construction is to glue the coefficients γ αβδ on intersections of charts. Since the base manifold is paracompact we can use the partition of unity. Let {g z } z∈J be a partition of unity corresponding to an atlas {(U z , φ z )} z∈J on M. Then we define
Locally these coefficents are of the form (2.13). Notice that they disappear on the base space M.
The construction of the natural symplectic connection γ ijk on the phase space T * M has been completed. As we demanded, this symplectic connection contains the Riemannian connection Γ δ αβ of the configuration space M, reduces to the Riemannian connection on the base space and seems to be as simple as possible. As it can be checked, this symplectic connection is homogeneous.
The weak point of our approach is the choice of coefficients γ αβδ depending on the atlas on M. In the next paper we will present some geometrical way to avoid this ambiguity.
The connection coefficients Γ i jk = ω is γ sjk are:
(2.14)
In proper Darboux coordinates the nonvanishing components of the symplectic curvature tensor K of the symplectic connection (2.14) are K I βγδ , K αβγ I and K αβγδ . The coefficients of the first group are determined by the Riemannian curvature tensor on the manifold M. As it can be checked
so these terms do not depend on momenta.
Moreover, from (2.5) and (2.6) we see that
The components K βδγ I are functions of spatial coordinates only.
Finally the elements K αβγδ are of the form
where ∀ 1≤i≤n (K αβγδ ) i are some functions of q 1 , . . . , q n .
From the Bianchi identity (2.8) we get
Hence we conclude that to obtain the complete symplectic curvature tensor we need to know all of the curvature tensor components K αβγI and the Riemannian connection on the base manifold M. The fact that the base space M is flat does not guarantee that the phase space is flat.
The Fedosov deformation quantization with the induced symplectic connection
Considerations presented in this part of our paper have been divided in two subsections. In the first one we analyse the construction and properties of an Abelian connection determined by the symplectic connection introduced in the previous chapter. The second subsection is devoted to flat sections of the Weyl bundle and some examples of the * -product in the case of the proposed natural symplectic connection.
We assume that the Reader is familiar with the Fedosov quantization algorithm. For details see [1] , [2] .
The Abelian connection
Let (W, ω, γ) be a Fedosov manifold covered by an atlas A = {(U z , φ z )} z∈J . By we denote a deformation parameter. We assume that it is positive. In physics the deformation parameter is identified with the Dirac constant. The symbols y 1 , . . . , y 2n represent the components of an arbitrary vector y belonging to the tangent space T p W at the point p ∈ W with respect to the natural basis
We introduce the formal series
at the point p. For l = 0 we put a = k a k . By a k,j1...j l we mean the components of a covariant tensor symmetric with respect to the indices {j 1 , . . . , j l } for the natural basis dx j1 ⊙ . . . ⊙ dx j l .
The part of the series a standing at k and containing l components of the vector y will be denoted by a[k, l]. Thus
Notice that since a k,j1...j l are totally symmetric in the indices {j 1 , . . . , j l }, the element a defined by the formula (2.9) can be understood as the polynomial
where
The symbol z 2 denotes the floor of
The relation between the tensor components a k,j1...j l and the polynomial coefficientsã k,i1...i2n reads
denote a set of all elements a of the form (2.9) at the point p. The product
As it has been proved in [7] , in Darboux coordinates we have
The pair (P * 
def.
Geometrical structure of the Fedosov deformation quantization is based on the m-differential form calculus with values in the Weyl bundle. Locally such a form can be written as follows
where 0 ≤ m ≤ 2n. Now a k,i1...i l ,j1...jm (x 1 , . . . , x 2n ) are components of smooth tensor fields on W and
∂x i is a smooth vector field on W. We use the same symbol for the vector field y ∈ C ∞ (T W) and the vector y ∈ T p W.
From now on we will omit the variables ( The commutator of forms a ∈ C ∞ (P
The operator δ lowers the degree deg(a) of the elements of
The operator δ −1 :
where l is the degree of a in y j 's i.e. the number of y j 's. The operator δ −1 raises the degree of the forms of
Λ in the Weyl algebra by 1.
In the case when Γ is defined by the induced symplectic connection we denote it by γ and
The 1-form γ contains three kinds of elements (indices α, β, ǫ, I are fixed!):
1.
3.
2−δ βǫ 2 γ Iβǫ y β y ǫ dp I−n , β ≤ ǫ.
For every γ its antiderivation δγ = 0. Remember that the coefficients γ αβδ are of the form (2.13).
The curvature 2-form R Γ of Γ in a Darboux chart can be expressed by the formula
In the case when Γ is determined by the induced symplectic connection we obtain that R γ consists of three types of terms ( all indices are fixed! ):
2−δ αβ 2 K αβǫ υ+n y α y β dq ǫ ∧ dp υ , α ≤ β.
The terms K αβǫυ are homogeneous functions of momenta p α .
The property δR γ = 0 follows from (3.14) and (3.10). It is equivalent to (2.6).
Let us introduce a new symbol. The a[t|i 1 , . . . , i n |l|j, k] is the coefficient standing at
The crucial role in Fedosov's deformation quantization is played by an Abelian connectionγ. From the definition the Abelian connectionγ is the connection in the Weyl algebra bundle which curvature is a central form so for any a ∈ C ∞ (P
The Abelian connection proposed by Fedosov is of the form
The condition Rγ = − def.
k=0 h 2k r m [2k, z − 4k]dx m , z ≥ 3 of r of the degree z. As it was shown [8] , [9] r
Of course the foregoing equations may be written in a compact form = 0 (compare [4] ). Moreover, we see that R γ+r [z] is a sum of three kinds of elements:
There are n z + n − 1 z n 2 elements of this kind.
Every function R[t|i 1 , . . . , i n |l|j, k] depends only on spatial coordinates q 1 , . . . , q n .
There are some constraints imposed on these functions. All of elements from the first class are chosen to be independent. Every coefficient standing at a term from the second group is determined by two coefficients belonging to the first class (see formula (3.22) ). Among the third set we can choose a special group of n(z + 1) n + z z + 2 elements. The selection method will be presented below. Any other coefficient from the third group is a linear function of these selected ones.
Let us consider consequences of the restriction δR γ+r [z] = 0, z ≥ 2. We start from
n 2 nontrivial equations containing terms of the first and the second kind. Hence we conclude that every coefficient from the second set can be uniquely expressed by elements from the first collection. Indeed, from (3.21)
The conditions
are nontrivial for 3 ≤ n. They are imposed only on terms of the second kind. However, applying the relations (3.22) we turn them into identities.
Moreover, n 2 coefficients of the type R[0|0, . . . , 0,
Finally, let us investigate consequences of the condition δR γ+r [z] = 0, z ≥ 2 for the elements of the third type. As it can be easily checked, each of these elements exists in at most Min[z, n − 2] equations. Each expression
in dq j ∧ dq k belongs to exactly one block so each block may be characterized by the quantity
In the next paragraph we use this latter characterization of blocks.
Assume we deal with the block
, where for l = 1, . . . , f + 2 the indices 1 ≤ i s l , 1 ≤ s 1 < s 2 < . . . < s f +2 ≤ n. As the independent f + 1 coefficients R[t|i 1 , . . . , i n |0|j, k] we choose these ones standing at the exterior products dx s1 ∧ dx s f +2 , . . . , dx s f +1 ∧ dx s f +2 . After simple but tedious calculations we arrive at the following relation:
(3.25) The formula (3.25) can be applied in the cases j < k < f + 2.
What is amazing, the elements R[t|i 1 , . . . , i n |0|j, k] can be represented by functions of // R[0|i 1 , . . . , i n |0|j, k+ n]. We do not present the explicit form of this formula. It can be derived from the Bianchi identity (3.20) in a similar way as in the equation (2.16).
From (3.19) we compute the element r[z + 1]. We use the notation analogous to that applied in the previous considerations and by r[t|i 1 , . . . , i n |l|j] we mean the coefficient standing at
There are three kinds of components of r[z + 1]:
in dp j ,
We have n z + n z + 1 elements of this type.
They appear as images of the elements R γ+r [z] of the first kind in the mapping δ −1 .
The number of expressions of this form is n 2 z + n − 1 z . They come from applying the δ −1 operator to the terms R γ+r [z] of the first and the second type. And finally The same clasification can be applied for the 1-form of the symplectic connection γ (see page 7).
Let us consider these classes of components of r[z + 1] in some detail.
After straightforward calculations we conclude that
(3.26)
We assume that 1 ≤ j, u ≤ n,
In a special case r[0|0, . . . , 
(3.28)
Remember that for all g there is s g = j and 0 < s g but it may be i j = 0.
The straightforward consequence of the relation (3.28) is the statement that for all 1 ≤ j, l ≤ n r[0, . . . , 0, i l = z, 0, . (3.34) Remember, that although the formulas (3.32),(3.33) and (3.34) contain the curvature 2-form components of the third kind, due to the Bianchi identity they are in fact determined exclusively by the components R[0|i 1 , . . . , i n |0|j, k + n].
Then we are ready to construct the iterative formula determining
We see that it is sufficient to find the relation defining components R γ+r [z] of the first kind.
From (3.18) applying (3.6) we deduce that
. . , i n −g n |m|j]+ = a| y=0 = a 0 .
The element a = σ −1 (a 0 ) can be found by the iteration It seems to be very difficult to find a general form of the series σ −1 (a 0 ). Hence we consider some special cases. Let us start from the following observation.
Corollary 3.1. An element k a(y 1 ) i1 · · · (y 2n ) i2n is given. The term
where γ is the 1-form representing the induced symplectic connection and r is the Abelian connection series generated by γ. Then The proof of this corollary is the straightforward consequence of two definitions: of commutator and of the operator δ −1 .
Then we see that the commutators appearing in the recurrence (3.36) do not increase the number of y's with indices greater than n. Moreover ∀ n<l j l ≤ i l + 1 if the commutators are counted with γ or r of the first and second kind and ∀ n<l j l ≤ i l if the commutators with γ or r of the type are considered.
Thus we observe that the total number of momenta-like elements (y l ) i l , n < l may increase only in the operation δ such that 2d + l 1 + · · · + l n + j n+1 + · · · + j 2n = i 1 + . . . + i n .
The proof of this corollary can be done with the use of the mathematical induction and Corollary (3.1).
Dirac quabtization for position and momenta are fulfilled and they are invariant under proper Darboux transformations. The * -product of functions depending only on spatial coordinates is the usual commutative · -product of them. The maximal power of present in the * -product of polynomials in momenta does not exceed the sum of degrees of these polynomials.
